The yield curve is shaped by (1) expectations of the future path of short-term interest rates and (2) uncertainty about the path. Uncertainty affects the yield curve through two channels: (1) investors' attitudes toward risk as reflected in risk premia, and (2) the nonlinear relation between yields and bond prices (known as convexity). The way in which these forces simultaneously work to shape the yield curve can be understood in terms of the conditions that guarantee the absence of arbitrage opportunities.
that depends the price of risk, which is common to all bonds, and the amount of risk as measured by the volatility of a bond's price. (This implication is the central message of the paper.
3 ) The following section, which ends Part 1, translates (at least in part) the no-arbitrage condition for bond prices into a no-arbitrage condition for yields. The nonlinearity of the price-yield relation brings the convexity term into play.
Part 2 begins with a section that completes the translation of no-arbitrage conditions in terms of yields. The next section completes the central analysis by embedding the source of uncertainty into the interest rate itself. The analysis is then applied in the next section to the expectations hypothesis, according to which the expected future interest rate equals the forward rate. In the final section, the power of the analysis is illustrated by showing how uncertainty affects the spread between taxable and tax-exempt yields. In Appendix A, the analysis is restated in terms of the stochastic discount factor. In Appendix B, adjusted probabilities (also known as risk-neutral probabilities) are introduced. In Appendix C, the analysis is extended to two sources of uncertainty (two coin flips).
Part 1. Largely duplicated by the Review article
Introduction
Monetary policy makers and observers pay special attention to the shape of the yield curve as an indicator of the impact of current and future monetary policy on the economy. However, drawing inferences from the yield curve is much like reading tea leaves if one does not have the proper tools for yield-curve analysis. The purpose of this paper is to provide a rigorous yet accessible introduction to those tools.
What is the yield curve? The simplest kind of bond is called a zero-coupon bond. A zero-coupon bond (also known as a discount bond) makes a single payment on its maturity date. By contrast, a coupon bond makes periodic interest payments (called coupon payments) prior to its maturity when it also makes a final payment that represents repayment of principal. A coupon bond may be thought of as a portfolio of zero-coupon bonds.
A default-free bond is a bond for which all of the payments are certain to be made in full and on time. U.S. Treasury securities are generally considered to be defaultfree. The Treasury issues both coupon bonds and zero-coupon bonds. Treasury bills are zero-coupon bonds with original maturities of one year of less. Treasury notes and bonds are coupon bonds with original maturities of two years or more (bonds have original maturities of twenty years or more) that pay interest twice a year. Since the mid-1980s, investors have been able to trade the coupon payments
3
The implication is quite general and applies to other asset prices, not just bond prices.
of certain Treasury notes and bonds separately as zero-coupon bonds in what is known as the STRIPS market.
4
Bonds with different maturities typically have different yields. For example, the yield on a five-year bond is often higher than the yield on a two-year bond. But sometimes the yield on the two-year bond is higher. At any given point in time, we can plot the yield curve, which shows the relation between yields and maturity.
In order to focus on the relation between yields and maturity, we will abstract from a number of factors that can also affect a bond's yield. For example, bonds issued by private corporations or municipalities (including states and cities) are subject to credit risk, which means simply that they are not default-free. In addition, corporate and municipal bonds are not as actively traded as Treasury securities, and this illiquidity can affect their yields. Some bonds (municipal bonds in particular, but also some Treasury securities known as "flower bonds") receive special tax treatment. Many bonds (including some Treasury coupon bonds) are callable, which means the issuer has the right to buy them back at a predetermined price at some point in the future. The analysis of bond prices in this paper abstracts from all of these factors other than maturity itself.
5 As such, the analysis is most directly applicable to the default-free zero-coupon bonds traded in the STRIPS market. The expectations hypothesis. Historically, the expectations hypothesis has been the most widely used analytical tool to understand the shape of the yield curve.
7
In a nutshell, the expectations hypothesis says that the yield on long term bonds equals the average of the expected one-period interest rates. If the expectations hypothesis were correct, we could use the slope of the term structure to forecast the future path of the interest rate. For example, if the yield curve slopes upward at the short end, it would be because the interest rate is expected to rise. One problem with this version of the expectations hypothesis is that in fact the yield curve slopes upward at the short end on average, even though interest rates do not rise on average. One way to explain this divergence is to assume that investors are Taxability will be treated separately below after we have analyzed the no-tax case.
6
Even in the STRIPS market, there are other factors at play. Although STRIPS are subject to taxation, once we treat taxes explicitly we will see that the analysis that ignores taxes is essentially correct. It is only when we want to compare taxable bonds with tax-exempt bonds that we will need to explicitly account for the effects of taxes. Other factors are more relevant the internal structure of the STRIPS market. For technical reasons that are beyond the scope of this paper, principal-STRIPS often trade at a premium relative to the coupon-STRIPS because they implicitly contain certain options. Consequently, the analysis presented here is most applicable to coupon STRIPS.
7
Actually there are a number of different but related hypotheses, each of which is called the expectations hypothesis. See Cox, Ingersoll, Jr., and Ross (1981) for a discussion of a number of these competing hypotheses. The version described here is the one most often used.
simply wrong on average.
8 But a good theory does not imply that investors are wrong on average.
The expectations hypothesis can be easily modified to account for this persistent upward slope in a way that does not require systematic errors on the part of investors. Since bond prices do fluctuate over time, there is uncertainty (even for default-free bonds) regarding the return from holding a long-term bond over the next period. Moreover, the amount of uncertainty increases with the maturity of the bond. If there were a risk premium associated with that uncertainty, then the yield curve could slope upward on average without implying that interest rates increase on average. If the risk premium were constant, then changes in the slope of the yield curve would forecast changes in the future path of the interest rate. For example, if the slope of the yield curve were to increase, then it must be because the path of future interest rates is expected to be higher. This increase in the slope would also imply that future bond yields would be higher. But there is a problem with this version as well.
Empirical tests of this extended version of the expectations hypothesis (using U.S. data) have shown that changes in the slope of the term structure do a poor job of forecasting changes in the bond yields. In fact, one widely-used test shows that an increase in the slope of the yield curve may actually signal a decrease in the future yields. Where did we go wrong? We went wrong by assuming that the risk premium was constant, while in fact the risk-premium varies over time. Movements in the risk premium over time are responsible for a sizeable fraction of the movements of the slope of the term structure. When risk premia increase, so does the slope even though expectations are unchanged. As a result, changes in the slope of the yield curve are often negatively correlated with changes in realized yields.
9 It should be noted that the changes in the risk premia that bring about this effect can (and do) occur without any change in the risk of the bonds. Risk premia are essentially covariances that change when either the amount of risk or the price of risk changes. In a moment, we will see the effects of changing the amount of risk without changing the price of risk.
There is another feature of the yield curve that the expectations hypothesis has difficulty explaining. The zero-coupon yield curve slopes downward on average at the long end, typically over the range of twenty to thirty years. In other words, the yield on a 30-year zero-coupon bond is typically below the yield on a 20-year bond. The expectations hypothesis would suggest that this slope is due either (1)
8
Another way to explain the divergence is to assume that investors give some weight to very large increases in the interest rate that we have not yet been observed. This is sometimes called the "Peso problem." See [find citation].
9
Technical note. Let y(t, τ ) be the yield at time t on a zero-coupon bond that matures at time τ . The classic regression that has been used to test the expectations hypothesis is change in yield y(t + 1, t + 2) − y(t, t + 2) = β0 + β1 current slope y(t, t + 2) − y(t, t + 1) + , where is a random shock. A change in the risk premium can move y(t, t+2) without moving either y(t, t + 1) or y(t + 1, t + 2). If this effect is dominant, the regression coefficient will be negative; i.e., β 1 < 0.
to a persistently incorrect belief that the interest rate will begin to fall about twenty years from now or (2) to a decrease in the risk premium for bonds with maturities beyond twenty years, even though the uncertainty of the holding-period return for 30-year bonds is greater that for 20-year bonds. Neither of these reasons is sensible.
10
There is a sensible explanation (although it may seem counterintuitive at first) for the persistent downward slope of the term structure at the long end. The explanation has to do with the uncertainty regarding the future path of short-term rates. It is this uncertainty that underlies the risk of holding bonds. (If there were no uncertainty regarding the future path, there would be no risk to holding default-free bonds.) Increases in this uncertainty lead (1) to increases in risk premia that increase the slope of the yield curve at the short end and (2) to decreases in the slope of the yield curve at the long end via the effect of "convexity." Convexity (technically known as Jensen's Inequality) arises from the nonlinear relation between bond yields and bond prices. As a consequence, a symmetric increase in uncertainty about yields raises the average price of bonds, thereby lowering their current yields. This effect is trivial at the short end of the yield curve where it plays no significant role, but it becomes noticeable and even dominant at the long end. The overall shape of the yield curve involves the tradeoff between the competing effects of (1) risk premia (which cause longer-term yields to be higher) and (2) convexity (which cause longer term yields to be lower). Typically, the maximum yield occurs in 15-to 25-year maturity range of the zero-coupon yield curve.
11
It should be emphasized that expectations do in fact play an important role in determining changes in the shape of the yield curve. The reason the expectations hypothesis fails is not that expectations do not matter; rather it fails because it says that nothing else matters. But as we have seen, the expected future path of interest rates is but one of a number of important forces that shape the yield curve. When we try to explain the shape of a particular yield curve, we should ask what combination of expectations, risk premia, and convexity is consistent with this shape?
No-arbitrage conditions: An introduction. The problem we now face is that we have shown that the expectations hypothesis is not a good tool for studying the shape of the yield curve. The fundamental problem with the expectations hypothesis is that it is taken from a world of perfect certainty-where it is a condition for the absence of arbitrage opportunities-and transplanted into a world where there is uncertainty-where it is not. Fortunately, in recent years the theory of finance has produced better tools that allow us to directly apply the conditions that guarantee the absence of arbitrage opportunities in a world where there is uncertainty. The tools were developed as an outgrowth of the famous Black-Scholes model of option
10
There is another explanation-not related to the expectations hypothesis-that is sensible. The downward slope at the long end of the yield curve could, in principle, reflect a substantial demand for the longest-maturity (default-free) zero-coupon bond (for example, to insulate the value of insurance companies long-term liabilities from interest-rate risk). Although the explanation is not unreasonable, it is unnecessary given the convexity effect discussed below.
11
It should be stressed that the yield curve that is typically reported in the newspaper is not the zero-coupon yield curve and may display a somewhat different shape owing to a variety of factors.
prices. The revolution in asset pricing that was initiated by the Black-Scholes model ultimately carried over to bond pricing and the term structure.
12
An arbitrage involves trading securities in such a way as to generate something for nothing. Therefore, the conditions that guarantee the absence of arbitrage opportunities have to do with bond prices rather that bond yields. Thus, we are presented with a bit of a paradox: In order to understand the term structure (bond yields), we must move away from the expectations hypothesis (which focuses on yields) and focus instead on bond prices.
The most powerful tool for understanding the term structure of interest rates is called "the absence of arbitrage." This is short-hand for "the conditions that guarantee the absence of arbitrage opportunities." An opportunity for arbitrage exists when there is an inconsistency in the prices of securities that allows a valuable payoff to be obtained at no cost. For example, if there are two ways to obtain a given payoff and if one way is cheaper than the other, then one can take advantage of this situation by buying the payoff the inexpensive way ("buy low") and selling it the expensive way ("sell high"). The difference is the profit from an arbitrage.
13
Anyone who prefers more to less would like to take advantage of an arbitrage opportunity. Smart and greedy investors are constantly on the lookout for arbitrage opportunities. In an active and liquid market such as the market for U.S. Treasury securities, any opportunities for arbitrage that might appear would be taken advantage of almost immediately. What happens to an arbitrage opportunity when someone tries to take advantage of it? Buying the payoff the inexpensive way puts upward pressure on the cost of obtaining the payoff this way, while selling the payoff the expensive way puts downward pressure on the cost of obtaining the payoff this way. The result is that opportunity for arbitrage tends to go away when someone tries to take advantage of it.
In order to understand the conditions that guarantee the absence of arbitrage opportunities, it is useful to think of financial securities as claims to state-dependent payoffs. Different securities contain differing amounts of each possible payoff. Insurance policies are particularly simple in this regard, because an insurance policy pays only when a specific state of the world occurs (for example, flood insurance pays only if there is a flood). Other securities may contain a wide variety of payoffs. Derivative securities, such as options, allow for the "disbundling" of the payoffs. For example, one can write a put option on a stock to insure against the fall in its price.
In principle, each of the payoffs in a security's bundle has a separate price. From this perspective, the price of the security is the sum of the (implicit) prices of the payoffs. Here is the key: As long as all of the individual payoffs have positive prices, there will be no opportunities for arbitrage. In other words, arbitrage opportunities
12
See Black and Scholes (1973) . In the Black-Scholes model, the stock price summarizes the "state of the world" for option prices. In the modeling the term structure, it is the interest rate (which is not the price of an asset) that summarizes the state of the world for bond prices. It is this difference that accounts for the time lag in adapting the Black-Scholes paradigm to bond prices.
13
This example highlights the fact that when the "law of one price" is violated, an arbitrage opportunity exists.
arise if one or more of the payoffs has a zero or negative price. The simplest example of an arbitrage is free insurance. (Free insurance generates something for nothing, but only in some states of the world.) More generally, a trading strategy that generates something for nothing involves buying and selling securities in such a way as to isolate and extract the mispriced payoffs.
These ideas can be illustrated concretely in a mundane setting. Consider a smart shopper at the grocery store. To keeps things simple, suppose the store sells only apples and oranges. Ordinarily when one goes to a store, one sees the posted prices for the produce. If one were to buy a bag containing, for example, two apples and three oranges, the price for the bag of produce would be computed from the prices posted for apples and oranges.
But this store is different. First of all, apples and oranges are sold mixed together in color-coded grocery bags. There are two combinations available: Red bags each contain two apples and three oranges, while blue bags each contain three apples and two oranges. The store posts prices for the bags, but not for apples or oranges separately. Even so, a smart shopper can figure out the implicit prices of apples and oranges from the prices of the bags. As long as the implicit prices of apples and oranges are both positive, there will be no arbitrage opportunities. But if the implicit price of either fruit is zero or negative, then one can get something for nothing.
There is another important difference between this store and an ordinary grocery store. Here one can not only buy bags of produce, one can sell them too. For example, if one has two apples and three oranges, one can put them in a red bag (which the store conveniently supplies for free), sell it to the store, and receive the posted price. This repackaging allows a smart shopper who only wants apples to buy only apples. For example, the shopper could buy three red bags (containing a total of nine apples and six oranges), sell two blue bags (containing a total of four apples and six oranges), and end up with five apples left over. The net cost of the apples is the difference between the revenue from selling the two blue bags less the expense of buying the three red bags. Suppose the price of red bags is $2 and the price of blue bags is $3. Then the net cost of apples is zero, and our smart shopper's "trading strategy" involving red and blue bags is an arbitrage: The smart shopper gets something for nothing.
14 Faced with this arbitrage opportunity, why would the smart shopper limit the size of trading strategy? Why not buy 3,000 red bags and sell 2,000 blue bags, netting 5,000 apples? Or why not buy 3 million red bags and sell 2 million blue bags, netting 5 million apples? Or why not buy 3 billion . . . ? The reason, of course, is that at some point the purchases and sales will affect the prices of the bags, driving up the price of a red bag and driving down the price of a blue bag. The changing bag prices will indirectly affect the prices of the apples and oranges, raising the cost of apples. This reflects the general proposition that attempting to take advantage of arbitrage opportunities tends to make them disappear.
14 In order to avoid arbitrage opportunities, the ratio of the cost of blue bags to red bags must be greater than two-thirds and less than three-halves. In this example, the ratio was exactly three-halves, which is allows arbitrage opportunities.
How useful are no-arbitrage conditions? For some securities, the absence of arbitrage may not be very useful. Consider the prices of Microsoft stock and Bank of America stock. The absence of arbitrage does not tell us much about the relation between these two stock prices, because the state-contingent payoffs that the stocks "contain" do not overlap very much. For a different example, consider the price of Microsoft stock and an option to buy Microsoft stock. In this case, the payoffs are so closely related that the price of the option is completely determined by the no-arbitrage condition (i.e., the Black-Scholes model).
The term structure of interest rates is more like the second example than the first. In the stock/option example, there are two risky securities, but there is only one source of risk. Similarly for the term structure, there are more bonds than there are sources of risk. Because the payoffs to bonds of different maturities are highly correlated, the absence of arbitrage opportunities is quite useful. On the other hand, as noted above, there is an important difference between the term structure and the stock/option example. In that example, the state of the world is determined by the value of the stock. Because the stock is an asset, the formula for the value of an option is especially simple. In particular, investors attitudes toward risk play no role. However, for the term structure, the state of the world is determined by the interest rate, and the interest rate is not the value of an asset. Consequently, investors attitudes toward risk do play a role in the term structure.
Bond prices and one-period returns
The discount function. The simplest bond is a zero-coupon bond. It makes a single payment of one unit of payment at some fixed time in the future. For our purposes, we will let the unit of payment be the dollar, but the analysis will apply even if the payment were one peso or one "widget." Let p(t, n) be the value at time t of a zero-coupon bond that matures at time t + n, where n is the term to maturity of the bond.
15 Holding t fixed and varying n in p(t, n) traces out the discount function at time t. The value of a zero-coupon bond tells us how much a risk-free payment paid in the future is worth today. We can immediately see two properties of bond prices. First, the value of one dollar to be delivered immediately is one dollar; i.e., p(t, 0) = 1. (See Table 2 .) Second, the value of a dollar to be delivered in the infinite future is zero; i.e., lim n→∞ p(t, n) = 0.
16 Figure 1 shows a discount function.
One-period returns. Suppose you buy an n-period bond today and sell it next period when it becomes an (n−1)-period bond. The net cash flows from this trading strategy are shown in Table 3 . The bond that costs p(t, n) today can be sold for 15 See Table 1 . 16 This property holds if the interest rate is always positive. If the interest rate can be negative, then the discount function does not have to go to zero. So-called nominal interest rates cannot take on negative values because one can always hold currency instead (which has a nominal return of zero). Table 1 . Notation p(t, n) value at time t of an n-period bond (a bond that matures at time t + n) r(t) one-period interest rate at time t (r(t) = 1/p(t, 1) − 1) Table 2 . The net cash flows associated with buying an n-period bond and holding it until maturity. p(t + 1, n − 1) next period. The holding-period return for this investment is
which is the amount one has at the end of the period divided by the amount one invested at the beginning of the period minus one. In general, we do not know in advance what the price of an (n − 1)-period bond will be next period, and consequently the holding period return is uncertain. The central point of this paper is to uncover the relation between the average holding period return and this uncertainty. Table 3 . The net cash flows associated with buying an n-period bond and holding it one period.
Net cash flows Today (time t)
Next period (time t + 1)
For now, let us focus on the holding-period return on a one-period bond, which is known in advance since the one-period bond delivers one dollar without fail next period. (The net cash flows associated with buying a one-period bond are shown in Table 4 .) We can define the one-period risk-free interest rate as this return. One can buy a one-period bond today for p(t, 1). The amount repaid next period equals the amount lent plus interest:
We can solve (2.1) for the one-period risk-free interest rate: Let us examine the relation between bond prices today and bond prices next period. We will do this by forming a portfolio today that costs nothing and seeing what it will be worth next period. We will buy an n-period bond and finance it by borrowing its cost at the one-period risk-free rate. (In other words, we sell oneperiod bonds of equal value.) The net cash flow at time t is zero. Next period, we sell the long-term bond and pay off the debt (principal plus interest). Table 5 summarizes the net cash flows for this trading strategy.
If it is known today that p(t + 1, n − 1) will be greater than 1 + r(t) p(t, n), then our trading strategy is an arbitrage: We get something (next period) for nothing (today). On the other hand, if it is known today that p(t + 1, n− 1) will be less than 1+r(t) p(t, n), we can modify our trading strategy to make it an arbitrage. Instead of buying the long-term bond and selling some one-period bonds, we can sell the long-term bond and buy the one-period bonds. The net cash flows for this trading strategy are the same as for our original trading strategy except that the signs are Table 5 . Net cash flows associated with financing the purchase of an n-period bond with one-period borrowing.
reversed. The upshot is that in a world of no uncertainty, the absence-of-arbitrage condition for bond prices is
We can solve (3.1) for today's price of the long-term bond:
In other words, the price of the bond today is the present value of its price next period. Another way to express this is
which says that the (net) return on a bond equals the risk-free interest rate.
Uncertainty
The bonds we will deal with in this paper are default-free-all promised payments are made in full and on time. Nevertheless, these bonds have risk prior to maturity: They can gain or lose value. This uncertainty regarding bond prices can (and will) be linked to the uncertainty regarding interest rates, and this latter uncertainty can be viewed as more fundamental. Nevertheless, the effect of that uncertainty on bond prices and on the conditions that guarantee the absence of arbitrage opportunities can be studied without reference to the underlying interest-rate uncertainty.
In the previous section, we established an absence-of-arbitrage condition based on knowing next period's bond value with certainty. (See Equation (3.1).) What if the bond's value next period is not known with certainty? What if its possible values can make the net cash flow for a trading strategy sometimes positive and sometimes negative? In this case, the trading strategy is not an arbitrage. The conditions for the absence of arbitrage opportunities are not sufficiently restrictive to completely establish the relation between today's price and next period's price when there is uncertainty. Nevertheless, they do put enough structure on bond prices to provide very useful results.
Heads or tails? All bond prices tend to go up and down together. When the short-term interest rate rises, all bond prices tend to fall, and conversely when the short-term interest rate falls, all bond prices tend to rise. To keep things simple, suppose there are only two possible discount functions next period. The flip of an Table 6 . Notation: Bond-price uncertainty p n value of an n-period bond (same as p(t, n)) r one-period interest rate (same as r(t)) p H n−1 value next period of an (n − 1)-period bond if the coin comes up heads p T n−1 value next period of an (n − 1)-period bond if the coin comes up tails p n−1 average value of an (n − 1)-period bond (pre-flip) δ p n−1 volatility of the bond price (amount of risk) a n−1 adjustment term (risk premium) unbiased coin will determine which discount function is realized.
17 In other words, if one were to buy an n-period bond today, there would be two possibilities for the price of an (n − 1)-period bond next period, with the actual outcome determined by the flip of a coin. We can simplify the notation a bit if we limit ourselves to considering just today (time t) and tomorrow (time t + 1). Let the price today of an n-period bond be p n . If the coin comes up heads the price of bond tomorrow will be p H n−1 and if it comes up tails the price will be p T n−1 . Letp n−1 denote the average price of the bond next period:
Let δ p n−1 denote the volatility of the bond price next period:
Volatility is a measure of the riskiness of the investment. It is related to the variance and the standard deviation.
18 Volatility is more useful than standard deviation because volatility's sign plays a role in characterizing whether the risk is bad or good. (An insurance policy is an example of an investment that has good risk, because it pays off in bad times). Table 7 shows the value of the (n − 1)-period bond next period as determined the coin flip. Figure 2 plots two post-flip discount functions and their average. 17 An unbiased coin has a 50-50 chance of coming up either heads or tails. 18 The variance is the average squared deviation from the mean,
and the standard deviation is the square root of the variance, which is the absolute value of the volatility, δ p n−1 . Table 7 . The value of an n-period next period (when it becomes an (n − 1)-period bond) after the coin flip. The average price isp n−1 and the volatility of the price is δ p n−1 . Although there is no need to specify which of the two post-flip prices is greater, for the sake of concreteness we will assume (in Section 4) that p H n−1 > p T n−1 and therefore δ p n−1 > 0.
Heads Tails
The absence of arbitrage opportunities under uncertainty: Part I. Recall that an arbitrage is a trading strategy that generates something for nothing. Now that uncertainty has been introduced, we need to reexamine what the absence of arbitrage implies. Suppose there were a trading strategy that had zero net cash flow today. In other words, the trading strategy costs nothing. The conditions for absence of arbitrage opportunities can be stated in terms of the net cash flows next period as follows: Either (i) they are both zero (as they must be in the case of no uncertainty) or (ii ) one is positive and the other is negative.
To see why this must be so, suppose the contrary were true. If, for example, they were both positive, then the trading strategy would clearly generate an arbitrage: One would get something-in all states of the world next period-for nothing today. On the other hand, suppose only one net cash flow were positive next period and the other were zero. This too would be an arbitrage: Just like free insurance, it would cost nothing today and make positive payoffs in some states of the world next period, without the possibility of negative payoffs. Alternativley, if both payoffs were negative (or one negative and the other zero), one could reverse the signs of the payoffs by reversing the positions in the trading strategy (for example, selling instead of buying, lending instead of borrowing).
We can apply this analysis to the following simple trading strategy: Buy an n-period bond today and finance its purchase price with one-period risk-free borrowing. The net cash flow today is zero, and the possible net cash flows next period are p H n−1 − (1 + r) p n and p T n−1 − (1 + r) p n , as shown in Table 8 . If there were no uncertainty (p T n−1 = p H n−1 ), the no-arbitrage condition would be that both net cash flows next period must be zero. But when there is uncertainty (p T n−1 = p H n−1 ), the two net cash flows cannot both be zero. In this case, the no-arbitrage condition is that (1 + r) p n must lie between p H n−1 and p T n−1 , thereby guaranteeing that one net cash flow is positive and the other negative.
19 Table 8 . Net cash flows at t + 1 associated with financing the purchase of an n-period bond with one-period borrowing.
Net cash flows Time t
Time t + 1 Heads Tails
Today's price: The present value of next period's adjusted average price. We can get some guidance in how to proceed by aping the relation between today's price and next period's price that we established when there was no uncertainty. The simplest and most natural way to modify (3.2) so that it makes sense when the value of a bond next period is not certain is to replace the uncertain price next period with its average:
where r = r(t). Equation (4.2) says that today's bond price is the present value of the "expected value" of tomorrow's bond price. 20 Equation (4.2) can be written as
which says that the expected return on a long-term bond equals the risk-free rate (i.e., the risk-free return on a one-period bond).
the coin comes up heads and less that r if it comes up tails. 20 Equation (4.2) is an expectations hypothesis, albeit one based on bond prices rather than on interest rates. In Section 8 we will discuss the typical statement of the expectations hypothesis, namely that forward rates are expectations of future one-period returns.
But why should investors be willing to earn exactly the risk-free rate on average? If the uncertainty associated with owning bonds contributes to the overall uncertainty of investors' lives, investors may require a higher average return to take on this additional risk. On the other hand, if the uncertainty associated with owning bonds reduces the overall uncertainty of their lives, they may accept an average return that is less than the risk-free rate.
In order to account for how investors feel about the kind of risk they face, we can incorporate an adjustment term (a n−1 ) into the formula for today's bond price:
We refer top n−1 − a n−1 as the adjusted average price. Equation (4.4) says that today's price is the present value of next period's adjusted average price. We can rearrange (4.4) to express the expected return for the bond:
Equation (4.5) says that the average holding-period return for a bond is the risk-free rate plus an additional term that somehow accounts for the amount and type of risk involved. The adjustment term, which can be positive, negative, or zero, provides great flexibility within certain bounds. We have already shown that (1 + r) p n must be between p H n−1 and p T n−1 in order to avoid arbitrage opportunities. Given (4.4), these boundaries imply the adjusted average price,p n−1 − a n−1 , must also be between p H n−1 and p T n−1 (since (1 + r) p n equals the adjusted average price). Within these bounds, any bond price (or expected return) can be obtained with a suitable choice for the adjustment term. Putting this the other way around, we cannot rule out any bond prices in this range. In other words, thus far the theory of bond pricing under uncertainty provides very little structure. To obtain more structure, we need to examine how two different long-term bonds interact. The absence of arbitrage opportunities under uncertainty: Part II. In this section, we examine arbitrage opportunities that involve simultaneously buying and selling bonds with different maturities in order to form a risk-free portfolio.
21 By doing so, we will uncover the condition that guarantees the absence of arbitrage opportunities, which, as we will see, has something important to say about how the adjustment terms on different bonds are related to each other.
Consider the following portfolio of two bonds: Buy one n-period bond and buy (or sell) some m-period bonds (where m is different from n). Let b denote the number of m-period bonds purchased (where b is negative if they are sold). The cost of this portfolio today is p n + b p m , which may be positive, negative, or zero. Let π H and π T represent the possible values of this portfolio next period. These values are shown Table 10 . Table 10 . The value of the portfolio after the coin flip.
Heads Tails
Each of these two bonds is risky in isolation. But since the uncertainty for each of these bonds is driven by the same underlying source of risk, it is possible to combine the bonds in such a way as to reduce the overall risk. In fact, there is a value for b (call it b * ) that makes the portfolio completely risk free. In other words, the value of the portfolio next period the same in both states of the world, so that π H = π T . For this to be true, b * must satisfy
We can solve Equation (4.6) for
Since b * is negative, this portfolio involves selling some m-period bonds. In other words, b * is a hedge ratio-it tells us how to use one bond to hedge the risk of another so that on balance there is no risk at all. 22 Let π * denote the known payoff to this risk-free portfolio. Since π * can be computed from either side of Equation (4.6), it must equal to the average of the two sides:
Consider the following trading strategy. Form the risk-free portfolio of bonds and finance it with one-period borrowing. The net cash flows associated with this trading strategy are shown in Table 11 . Since the net cash flow today is zero and the net cash flow next period is certain, there will be an arbitrage opportunity 21 See Vasicek (1977) for an early application of the absence of arbitrage to the term structure of interest rates.
22 This is analogous to delta hedging in option pricing. Table 11 . Net cash flows associated with financing the purchase of the risk-free portfolio with one-period borrowing.
Net cash flows Today (time t) Next period (time t + 1)
unless the cash flow next period is zero. Therefore, the condition for the absence of arbitrage opportunities is
In order to see what this condition implies for the adjustment terms of the two bonds, we can use Equation (4.4) to reexpress the cost of this portfolio using the adjusted average prices:
(4.9)
Now we can replace p n + b * p m in the no-arbitrage condition (4.8) with the last line on the right-hand side of Equation (4.9), so that the no-arbitrage condition becomes a n−1 + b * a m−1 = 0. (4.10) Equation (4.10) shows that the adjustment terms play a central role in the condition that guarantees the absence of arbitrage opportunities. We are now ready to find the final expression for the absence-of-arbitrage condition. Substituting the solution for b * given in Equation (4.7) into Equation (4.10) and rearranging produces a n−1 δ
(4.11) Equation (4.11) says that the ratio of the adjustment term to the bond-price volatility must be the same for both bonds. This common ratio is called the price of risk. Let λ denote the price of risk, so that λ = a n−1 δ
The absence-of-arbitrage condition does not say whether the price of risk is big or small or even whether it is positive, negative, or zero; it only says that it must be the same for all bonds.
The adjustment term is the risk premium. Given the absence-of-arbitrage condition we have just established, we can write the adjustment term as
where λ is the price of risk and δ p n−1 is the volatility of the bond's price. We can express Equation (4.12) as risk premium = price of risk × amount of risk.
In other words, the adjustment term is the risk premium and the volatility of the bond price is the amount of risk that earns a premium.
The condition for the absence of arbitrage opportunities can be stated in terms of the expected return on a bond by substituting (4.12) into (4.5):
where δ p n−1 /p n is the relative volatility of the bond price; it measures the volatility of the holding-period return. We can express Equation (4.13) as expected return = risk-free rate + (relative) risk premium, where the relative risk premium equals the price of risk times the amount of risk as measured by the relative volatility of the bond price. In other words, the extra return one gets (from the risk premium) depends on the amount of risk (δ p n−1 /p n ) and the price of risk (λ). If either is zero, there is no risk premium. 
Bond yields and convexity
In this section, we define the yield to maturity and show how to express the absence-of-arbitrage conditions in terms of yields. Table 12 . Notation: Bond yields and compounding y i (t, n) yield at time t on an n-period bond, compounded i times per period) y 1 (t, n) yield computed with simple compounding y 1 (t, 1) same as r(t) y(t, n) continuously-compounded yield (same as y ∞ (t, n)) 23 In Appendix A we show that the risk premium can be interpreted as a covariance with a market-wide factor. As a consequence, (4.13) has the same form as the Capital Asset Pricing Model (CAPM), in which the expected return on an equity equals the risk-free rate plus a riskpremium that depends on the covariance with the market portfolio.
Yield to maturity. Suppose you buy an n-period bond. If you were to hold it until it matured, what would the return on your investment be? The amount invested is p(t, n) and the amount returned is one, so the total gross return is simply 1 p(t, n) .
From the total gross return, we can compute the gross return per period:
Typically, however, it is not the gross return period that is used to characterize the return, but the rather the net return per period. The net per-period return is called the yield to maturity (or simply the yield). The yield is like an "interest rate." There is a degree of freedom in computing interest rates: How many times per period is interest assumed to be compounded? The fact that there are only two points in time under consideration (the beginning of the period and the end of the period) does not resolve the issue, since one is free to quote the interest rate as if there were subperiods over which compounding takes place. Let y i (t, n) denote the value of y that solves the following equation for a given i:
The solution is
Given the price of the bond, each and every y i (t, n) has a right to be called the net return per period. How one chooses to quote the return (i.e., the value one chooses for i) is merely a matter of convenience. There are two rates of compounding that are particularly convenient to use, and they happen to lie at opposite ends of the compounding spectrum. The first case is called simple compounding, where interest is compounded only once per period (i = 1):
We used simple compounding to compute the one-period risk-free rate above:
The second case is called continuous compounding, where interest is compounded infinitely many times per period (i = ∞). We will use y(t, n) (without the symbol for infinity) to denote continuously-compounded yields. Fortunately there is a simple formula for continuously-compounded yields:
We use continuously-compounded yields when we talk about the yield curve. Figure 3 plots the yield curve computed from the discount function that is plotted in Figure 1 . A first look at the expectations hypothesis. The expectations hypothesis can be expressed in a number of equivalent ways. Here is one way to express it: The long-term yield equals the average of the (expected) one-period yields. Of course when there is no uncertainty, expected one-period yields equal the actual one period yields. In this case we can write the expectations hypothesis as
But Equation (5.1) is not just a statement of the expectations hypothesis; when there is no uncertainty it is also a statement of the absence of arbitrage opportunities. We can show this as follows. According to Equation (3.2), the value of an nperiod bond today is the present value of next period's value of a (n − 1)-period bond:
The second equality follows from p(t, 1) = 1/(1 + r(t)). Now we can apply Equation (3.2) to the price of an (n − 1)-period bond at time t + 1:
Combining Equations (5.2) and (5.3), we have p(t, n) = p(t, 1) p(t + 1, 1) p(t + 2, n − 2).
We can continue this process until we end up with the price of a long-term bond expressed as the product of one-period bond prices:
Now if we take logs of both sides of Equation (5.4) 25 and divide by −n we get Equation (5.1).
Since the expectations hypothesis is equivalent to the absence-of-arbitrage conditions when there is no uncertainty, it is understandable that some people may have thought that the same equivalence is true where there is uncertainty-understandable, but wrong.
Uncertainty and convexity. At this point, we examine the effect of uncertainty on bond yields. We will see how uncertainty per se drives a wedge between the expected future yields and current yields.
The relation between bond prices and bond yields is not linear; consequently, the yield computed from the average bond price is less than the average yield. 26 In this section we demonstrate this point and explore its consequences. Table 13 . Notation: Bond yield uncertainty (continuously compounded) y n yield at time t on an n-period bond (same as y(t, n)) y H n−1 yield next period on an (n − 1)-period bond if the coin comes up heads y T n−1 yield next period on an (n − 1)-period bond if the coin comes up tails y n−1 average yield on an (n − 1)-period bond (pre-flip) δ y n−1 volatility of the yield The relation between bond yields and bond prices, y n = − log(p n )/n, is plotted in Figure 4 for ten-and twenty-year bonds. The two primary features that are evident in the figure are (1) the negative slope and (2) the fact that the graph of the function is "bowed in" toward the origin-in other words, convex to the origin. This second feature is called convexity. Figure 4 shows that a twenty-year bond has more convexity than a ten-year bond. Convexity drives a wedge between the average yield and the yield of the average price. This is illustrated in Figure 5 . There are two outcomes that depend on the flip of the coin: (1) high price and low yield or (2) low price and high yield. The average price and the average yield are at the midpoint of the straight line that connects the two outcomes. But the yield computed from the average price lies on the heavy curved line, below the average yield.
Let us derive an algebraic expression for the effect of convexity. Using continuous compounding, we can compute the post-flip yields from the two post-flip bond prices:
We can express the post-flip yields as As an example, suppose the current one-period yield equals the average longterm yield, y 1 =ȳ n−1 =ȳ, for all n ≥ 2, and also suppose the yield volatility is constant, δ y n−1 = δ y . Then the yield on an n-period bond (i.e., the yield curve) can be approximated by as long as n is not too big. This approximation illustrates the three main features of convexity.
(1) Convexity has the effect of reducing yields.
(2) The convexity effect is larger for longer-term bonds.
(3) The convexity effect depends on the variance of the uncertainty about yields. See Figure 6 for an example whereȳ = 0.10 and δ y = 0.05.
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This example illustrates the depressing effect of uncertainty on bond yields via the convexity effect. As noted in the introductory section, risk premia will also have an effect on the shape of the term structure. Part 2 provides a full treatment of the effect of the effect of risk premia.
Part 2. Additional material; not duplicated by the Review article
Bond prices, bond yields, and uncertainty
We can express the average price of an (n − 1)-period bond in terms of the yields: where cosh(x) ≡ (e x + e −x )/2 is the hyperbolic cosine of x. Finally, we can compute the continuously compounded yield from the average price as given in (6.1):
2) Equation (6.2) shows that the yield computed from the average price equals the average yield minus the convexity term. As long as there is uncertainty, the convexity term is positive: log(cosh(x)) > 0 for |x| > 0. As a result, the yield computed from the average price is less than the average yield as long as there is uncertainty. 29 Figure 7 illustrates the quadratic nature of the convexity term for values of (n − 1) δ y n−1 that are not too large. The solid line plots log(cosh(x)) and the dashed line plots the approximation 1 2 x 2 for |x| ≤ 1. This approximation indicates that convexity depends on δ y n−1 2 , which you may recall is the variance of the yield.
The effect of convexity on the yield curve. To illustrate the effect of convexity on the yield curve, assume the price of risk is zero so that there is no risk premium. As a consequence, p n = p 1pn−1 . In this case the (pre-flip) yield on an n-period bond can be written
The last line of (6.3) shows the yield is a weighted average of the return on the one-period bond and the average yield of (n − 1)-period bond next period minus a convexity-related term. Recall the example from the previous section, where the current one-period yield equals the average long term yield, y 1 =ȳ n−1 =ȳ, for all n ≥ 2, and the yield volatility is constant, δ y n−1 = δ y . Then the yield on an n-period bond (i.e., the yield curve) is given by
The yield curve starts atȳ for n = 1 and declines steadily to an asymptote of y − |δ y |.
30
30 If the asymptotic yield were not at the minimum of its support, there would be arbitrage opportunities. See Dybvig, Ingersoll, and Ross (1996) .
Bond-price volatility and the risk premium. Thus far we have seen the effect of convexity on the shape of the yield curve. In order to examine the role of risk premia, we must return to the kind of risk that earns a premium-namely, bondprice volatility. Fortunately, we can express bond-price volatility in terms of bondyield volatility:
where sinh(x) ≡ (e x − e −x )/2 is the hyperbolic sine of x. Now we need to derive an expression for long-term yields that allows us to constructively apply the expression for bond-price volatility. To this end, use Equation (4.12) to express (4.4) as
where −1 < λ < 1. (The restriction on the range of λ is necessary in order to keep the adjusted average price between p H n−1 and p T n−1 .) We can write Equation (6.5) as
6) where p 1 = 1/(1 + r) is the price of a one-period bond. Using (6.4), we can write (6.6) in terms of yields
, or (takings logs and dividing by −n)
Equation (6.7) expresses the yield on an n-period bond at time zero in terms of the average yield of an (n − 1)-period bond at time one and its volatility. Figure 8 illustrates the roughly linear nature of the risk premium in (6.7)-abstracting from the convexity term-for values of (n − 1) δ y n−1 that are not too large. The solid line plots the risk premium log(1 + λ sinh(x)) and the dashed line plots the approximation λ x for |x| ≤ 1 (where λ = −0.8). This approximation along with the approximation illustrated in Figure 7 help us understand the overall shape of the yield curve. The risk premium is roughly linear in the risk while the convexity term is roughly quadratic in the risk. Therefore, risk premia dominate at the short end of the yield curve where (n − 1) δ y n−1 is small, while convexity plays 31 See Appendix B for a derivation of the adjusted average price (pn−1 − λ δ p n−1 ) using "adjusted probabilities."
an important role at the long end where (n − 1) δ y n−1 is large. We will see this illustrated in the next section. Figure 8 . The solid line plots the risk-related term premium log(1+ λ sinh(x)) and the dashed line plots the approximation λ x for |x| ≤ 1 (where λ = −0.8).
Modeling the one-period return
In the previous section, we showed how current bond yields are affected by uncertainty regarding future yields. In this section, we change perspective again and show how current bond yields are affected by uncertainty regarding the interest rate. However, it is much more convenient to use a continuously-compounded interest rate (denoted by ρ) rather than one-period interest rate r, which is computed with simple compounding. Instead of modeling uncertainty in terms of the yields on long-term bonds, we may wish to model it in terms of the (continuously-compounded) yield on one-period bonds. Let ρ n denote the continuously compounded return on a oneperiod bond that matures at time t + n. Let the average one-period interest rate and the volatility of the one-period interest rate be given bȳ
Note that δ ρ n is a measure of the uncertainty of the future one-period rate as of time t before the coin flip. Next period after the coin flip all uncertainty will have been resolved, and there will be no remaining uncertainty about where the one-period rate will be from then on. For the interest rate at time t, there is no uncertainty even before the coin flip: We haveρ 0 = y 1 and δ ρ 0 = 0. Along each path (heads or tails) there is no uncertainty; therefore, after the coin flip, the long-term yields are simply averages of the subsequent series of one-period Table 14 . Notation: Interest-rate uncertainty (continuouslycompounded interest rates) ρ H n return on one-period bond that matures at time t + n if the coin comes up heads ρ T n return on one-period bond that matures at time t + n if the coin comes up tails ρ n average return on one-period bond that matures at time t+n (pre-flip) δ ρ n interest-rate volatility κ "shape" parameter for interest-rate volatility σ "scale" parameter for interest-rate volatility rates along that path:
We can computeȳ n−1 and δ y n−1 from y H (1, n − 1) and y T (1, n − 1) as given by Equation (7.1):ȳ
Using (7.2) (andρ 0 = y 1 and δ ρ 0 = 0), we can write (6.7) as
Using (7.3), we can model the term structure in terms of (i) the expected path of the one-period return {ρ i }, (ii) the uncertainty of the one-period return {δ ρ i }, and (iii) the price of risk λ.
Let us begin by assuming the volatility of the one-period return has the following functional form:
where κ > 0 is the "shape" parameter and σ is the "scale" parameter. The limiting shape is lim κ→0 δ ρ n = σ √ n − 1. For κ > 0, the volatility has a limiting value as n increase without bound: With this volatility function, we can build a model of the current yield curve by making assumptions about the expected path of the one-period return and the price of risk. A yield curve is shown in Figure 10 , using the volatility function from Figure 9 , whereρ n = 0.05 and λ = −0.8. Notice the sign of λ. Since the volatility of the interest rate is positive and bond prices go down when the interest rate goes up, the price of risk must be negative in order for the risk premium to be positive. The effect of convexity is evident: The zero-coupon yield curve reaches its maximum at 22 years and slopes downward beyond that point. What happens to the yield curve when uncertainty about the future path of the short rate increases, holding the average path fixed? The answer can be found in Figure 11 . With no volatility (σ = 0), the yield curve is flat, reflecting only the expectations component. As the volatility parameter σ increases, the curvature of the yield curve increases. The slope of the yield curve at the short end increases because the risk premium increases, while the slope at the long end decreases because of the increased convexity.
If Figure 12 we show the effect of changing the price of risk. When the price of risk is zero (λ = 0), the convexity effect causes the yield curve to slope downward. As the magnitude (i.e., the absolute value) of the price of risk increases, the riskpremium component increases, which increase the average slope of the yield curve. Now let us consider varying the path of the expected one-period yields, {ρ i }. One simple way to characterize the path is to assume that the one-period yield will revert over time to some long-run average value. We can parameterize such a path as follows:ρ (7.5) where θ is the long-run average and k ≥ 0 is the speed of mean reversion. According to (7.5),ρ n is an average of the current one-period yield and the long run average yield. If k = 0, there is no mean reversion and we never forecast the one-period return to change (ρ n = y 1 for all n ≥ 1). For k > 0, the weights change with the forecast horizon so that in the limit as n grows without bound, lim n→∞ρn = θ. In Figure 
Forward rates and the expectations hypothesis
Forward rates. If you sell an (n−1)-period bond today, you will receive p(t, n−1) today and you will have to pay back one dollar at time t + n − 1. In this example, you raised p(t, n − 1) dollars by selling (n − 1)-period bonds, and you will pay back 1/p(t, n − 1) dollars per dollar raised. Table 16 shows the cash flows associated with rasing x dollars today by selling some (n − 1)-period bonds. Table 15 . Notation: Forward rates f (t, n) or f n n-period forward rate at time t (continuously-compounded) Table 16 . Net cash flows from raising x dollars by selling some (n − 1)-period bonds.
Net cash flows Today (time t)
Later (time t + n − 1)
Suppose you purchase an n-period bond today and finance the entire purchase by selling (n − 1)-period bonds. The net cash flows associated with this trade are shown in Table 17 . This strategy results in cash flows that amount to lending p(t, n)/p(t, n − 1) at time t + n − 1 and receiving 1 at time t + n one period later. Therefore, this strategy produces a risk-free one-period return from t+n−1 to t+ n of
where f (t, n) is the (continuously-compounded) forward rate. Table 17 . Net cash flows from buying an n-period bond today and financing it by selling (n − 1)-period bonds.
Net cash flows
Today (time t) Later (time t + n − 1) Maturity (time t + n)
1 Using (8.1) repeatedly, we can express today's bond prices in terms of today's forward rates:
The expectations hypothesis. Using (8.3), the yield on a bond at time zero can be expressed in terms of the forward rates at time zero: 5) where f n = − log(p n /p n−1 ). The strong form of the expectations hypothesis says that forward rates equal expected future one-period returns:
Thus the strong form of the expectations hypothesis implies
Comparing (8.7) with (7.3) we see that the risk-related term in (7.3) is identically zero, which is equivalent to
For |λ| < 1, there are two solutions to cosh(x) + λ sinh(x) = 1:
This means there can be only one non-zero δ ρ n absent arbitrage opportunities. In Appendix C we show that (8.7) can be satisfied more generally if there are two sources of uncertainty (two coin flips).
The taxable-tax-exempt yield spread
Thus far in our study of bond prices and yields we have implicitly assumed there are no taxes. Now we will assume there are two types of default-free zero-coupon bonds: taxable and tax-exempt. One can compute the "implied marginal tax rate" from the yields on the two types of bonds: implied marginal tax rate = (taxable yield) − (tax-exempt yield) taxable yield .
The naive view is that if there were a constant marginal tax rate τ , then the implied marginal tax rate ought to equal τ at all maturities. But in fact the implied marginal tax rate declines with maturity out to at least 30 years. A number of reasons have been put forth to explain this fact, but none has done so completely. Convexity can help explain why the spread between taxable yields and taxexempt yields narrows as the maturity increases. For simplicity, assume (i) there is Thereforef n−1 =ρ n and δ f n−1 = δ ρ n . Thus, in this simple setting, specifying the path of expected one-period risk-free returns and their volatilities is the same as specifying the path of expected forward rates and their volatilities.
33 Equation ( This relation between the short-term interest rates implies the following relation between their variances:
Var(tax-exempt interest rate) = (1 − tax rate) 2 × Var(taxable interest rate).
Since the tax rate is between zero and one, the variance of the tax-exempt shortterm rate is less than the variance of the short-term taxable rate:
Var(tax-exempt interest rate) < Var(taxable interest rate).
Recall that the size of the convexity effect on longer-term yields depends on the size of the variance of the short-term interest rate. The smaller variance of the taxexempt interest rate produces a smaller convexity effect, resulting in less curvature for the tax-exempt yield curve than for the taxable yield curve. In other words, long term tax-exempt yields are not pulled down by as much as the higher taxable yields. As a result, the spread between the two curves narrows as maturity increases. taxable-bond adjustment term (risk premium) ξ n return on an n-period taxable bond that mature at time t+n (continuously-compounded one-period taxable interest rate)
Taxable vs. tax-exempt bonds. Let p(t, n) denote the value of an n-period tax-exempt bond and p τ (t, n) denote the value of an n-period taxable bond. For simplicity, we will assume there is a single constant marginal tax rate τ , where 0 ≤ τ < 1. Here is how the idealized tax system works. If one owns an n-period bond at time t, then one pays taxes on the capital gain at time t + 1. The tax liability is τ p τ (t + 1, n − 1) − p τ (t, n) .
(If there is a capital loss, the tax liability is negative, and one gets a refund.) The after-tax net cash flows associated with buying a taxable bond and selling it next period are shown in Table 19 . Table 19 . Net after-tax cash flows from buying an n-period taxable bond today and selling it next period.
Consider the following trading strategy: Buy a taxable bond and finance it with one-period tax-exempt borrowing. The net cash flows for this trading strategy are shown in Table 20 . If there were no uncertainty about the price of the taxable bond next period, the net cash flow next period must be zero in order to avoid arbitrage opportunities. For a one-period taxable bond, this is always the case since p τ (0, t − 1) ≡ 1. Therefore,
Now we can define the one-period taxable risk-free interest rate as the return on the one-period taxable bond:
For longer-term taxable bonds, the absence-of-arbitrage condition (when there is no uncertainty) can be expressed in a way that is strictly parallel to the condition for tax-exempt bonds: Today's price is the present value of next period's price using the taxable interest rate:
This pricing formula guarantees the net after-tax return on taxable bonds equals the net return on tax-exempt bonds.
Uncertainty and the absence of arbitrage opportunities. Let us adopt the same framework for uncertainty as for tax-exempt bonds: There are two possible outcomes for the price of a taxable bond next period, p τ H n−1 and p τ T n−1 . The outcome is determined by the same coin flip that determines the outcome for tax-exempt Table 20 . Net after-tax cash flows from buying an n-period taxable bond today and financing it with one-period tax-exempt borrowing.
Net cash flows Today (time t)
bonds. The average price and volatility of a taxable bond's price next period are given byp
Today's price for a taxable bond can be written as the present value of the adjusted average price:
where r τ = r(t) τ . If we form a risk-free portfolio of two taxable bonds and finance it by borrowing at the taxable risk-free interest rate, we can reveal the following absence of arbitrage condition:
, where m and n are the maturities of the two bonds. We see that taxable bonds must all share the same price of risk. But is it the same as the price of risk for tax-exempt bonds? To answer this question, form a risk-free portfolio by buying one tax-exempt bond and selling some taxable bonds. The cost of the portfolio today is p n + b * p τ m and the after-tax value of the portfolio next period is
, where b * is the hedge ratio computed from the after-tax payments next period:
.
If we finance this risk-free portfolio by borrowing at the tax-exempt risk-free rate, the absence-of-arbitrage condition is .
In other words, the price of risk is the same for all bonds, both taxable and taxexempt. Thus we may write a τ n−1 = λ δ Equation (9.3) is the same as (6.6) except that everything is expressed in before-tax terms. We can also express (9.2) in terms of expected returns:
(9.4) Equation (9.4) says that the expected (before-tax) return on a taxable bond equals the taxable risk-free rate plus a risk premium that is the product of the amount of (before tax) risk and the (universal) price of risk. Modeling the short-term taxable interest rate. Let ξ H n and ξ T n denote the before-tax, continuously-compounded returns on a one-period taxable bond that matures at time n. Also letξ n denote the average one-period taxable return and let δ ξ n denote its volatility. Then (9.3) can be expressed as
where y τ n denote the before-tax yield on an n-period taxable bond. All that remains is to establish the link between ρ and ξ. Our expressions for the term structure are written in terms of continuously compounded rates rather than simple rates as in (9.1). We can simplify the subsequent exposition without noticeably affecting the numerical results by using the approximation We are now in a position to show how the two yield curves are related. In Figure 15 , we show taxable and tax-exempt zero-coupon yield curves where the taxable curve is the same as above and the marginal tax rate is 30 percent. The tax-adjusted yield spread is given by
We have expressed the tax-adjusted spread in terms of the volatility of the taxable one-period return. The yield spread is zero if there is no uncertainty or if the tax rate is zero.
35 Figure 16 shows the tax-adjusted yield spread out to 100 years. The naive view is that the tax-adjusted yield spread is zero for all maturities even when there is uncertainty. Our analysis of the yield curve using the absence-of-arbitrage conditions shows otherwise. Recall the implied marginal tax-rate is computed as follows: (y τ n − y n )/y τ n . The implied marginal tax-rate is shown in Figure 17 out to 50 years. Note that the implied rate starts at 30 percent and declines steadily.
Summary
The yield curve is often used as a tool for prognostication. The core idea is that the current long-term yields can tell us where future short-term yields will be. Broadly speaking, this is known as the expectations hypothesis. This hypothesis presumes that changes in the shape of the yield curve are driven largely by changes in expectations of future rates. However other forces that involve uncertainty, including time-varying risk premia and convexity, are also important. Consequently, the expectations hypothesis fails to explain a number of important features of the yield curve.
A deeper understanding of the forces that shape the yield curve is obtained by examining the conditions that guarantee the absence of arbitrage opportunities. When there is no uncertainty, no-arbitrage conditions completely determine the relation between today's yield curve and future interest rates. But when uncertainty is introduced, the link between today's yield curve and future interest rates is substantially weakened. Yet even in this case, the conditions that guarantee the absence of arbitrage opportunities give the relation useful structure that provides a foundation 35 In the limit as n goes to infinity, the spread goes to zero if the appropriate limits exist, since for further analysis. In an important sense, rational expectations of future interest rates are those that are consistent with no opportunities for arbitrage. We can write the yield on an n-period bond at time zero as y n = 1 n (y 1 + (n − 1)ȳ n−1 ) − 1 n P,
where P is the risk-related term premium, P = log cosh(x 1 ) cosh(x 2 ) + λ 1 sinh(x 1 ) cosh(x 2 ) + λ 2 sinh(x 2 ) cosh(x 1 ) , and x j = (n − 1) δ y j,n−1 . Although the risk-related premium is more convoluted when there are two coin flips than when there is only one, its basic features remain the same as the following approximations show. First, if the price of risk is zero (λ 1 = λ 2 = 0), then we can approximate the convexity part by log cosh(x 1 ) cosh(x 2 ) ≈ 1 2 x 2 1 + x 2 2 , which depends on the variance of the (n − 1)-period bond. Second, we can approximate the risk premium by log 1 + λ 1 sinh(x 1 ) cosh(x 2 ) + λ 2 sinh(x 2 ) cosh(x 1 ) ≈ λ 1 x 1 + λ 2 x 2 .
We can write the yield in terms of the interest rate forecasts and volatilities: y n = 1 n n i=1ρ i − 1 n P, where x j = (n − 1) δ y j,n−1 = s j,n = n i=1 δ ρ j,i . The strong form of the expectations hypothesis implies cosh (s 1,n ) cosh (s 2,n ) + λ 1 sinh (s 1,n ) cosh (s 2,n ) + λ 2 sinh (s 2,n ) cosh (s 1,n ) = 1. (C.2) Equation (C.2) can be solved for non-zero δ ρ j,n given λ j . For example, if λ 1 = 0 and λ 2 = 1, then we can choose any sequence of s 1,n as long as we set s 2,n = − log(cosh(s 1,n )).
We have shown that it is possible to satisfy the strong form of the expectations hypothesis. This does not mean, however, that it is correct. In fact, it is not.
